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ABSTRACT 

We construct non-regular ultrafilters, extending filters which are dual to 

dense or layered ideals. 

I n t r o d u c t i o n  

If there is a a-complete uniform ultrafilter on a cardinal a, then a is greater than 

or equal to a measurable cardinal. Interested in ultrafilters on smaller sets, one 

has to look at characteristics, which are weaker than completeness. In this paper 

we shall consider non-regular ultrafilters. 

Definition 1: A filter F on a T+-complete Boolean algebra B is (% a ) - r egu la r  

iff there is an A C_ F,  IAI = a such that  1-I A' = 0 for each A I c_C_ A, IA~I = V. 

| 

Thus F is non-(% tc)-regular if for all A C_ F,  IAI = a there is an A' c A, 

]A' I = T such that YI A~ ¢ o. 

For the construction of the non-regular ultrafilters we will use ideals, which 

have strong saturation properties. 

Definition 2: An ideal I on a Boolean algebra B is a - d e n s e  iff B / I  has a dense 

subset of size ~_ a. I is a - l aye red  (see [FMSh2]) iff there is a stationary set 

S C_ {a < a+l cf(~) = cf(a)} and some continuous increasing chain of Boolean 

algebras (B~ I c~ < t~ +) such that B / I  = [Ja<~+ B~ and for all (~ • S Ba is a 
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n-complete regular subalgebra of B such that IBm] <_ n. I is s t r o n g l y  n - layered  

if we can choose S = {a < n+[ cf(~) = cf(n)}. I 

Note that n-dense or n-layered ideals are n+-saturated. 

Two important results about the existence of non-regular ultrafilters are from 

Laver and from Foreman, Magidor and Shelah. In [L], Laver constructed a non- 

(w, wl)-regular, uniform ultrafilter on wl. He extended the dual filter of an wl- 

dense, ~l-complete, normal ideal using oo,1 (or at least CH as a result of [BSV]). 

In [FMSh2], Foreman, Magidor and Shelah got a non-(T, n)-regular, uniform ul- 

trafilter on n = r +, r regular, by forcing with a n+-distributive partial ordering 

over a model with ~ and with a n-layered, normal ideal on n. 

In this paper we improve these results and give a more general method to 

construct non-regular ultrafilters on suitable sets without using (~ .  We shM1 

prove the following theorem: 

THEOREM: Let n > w be regular, let X be a nonempty  set. Suppose that 

I C_ 7:'(X) is a ~-complete, normal ideal on X such that {x E XI a E x} E I* for 

all a < t¢. I f  

(1) I is n-dense or 

(2) [3~ and I is strongly t~-layered, 

then there is an ultrafilter U D_ I* on X ,  which is non-(r, n)-regular for all r < n 

such that {x E X[ x M n is <T-closed} E 1% 

We shall actually prove a slightly more general theorem, only talking about 

ultrafilters and ideals on Boolean algebras. Therefore we shall later introduce 

some notion of normality for ideals on Boolean algebras. 

Note that {x E X[ x n n i s  <r-c losed} E I* is trivial i f r  = w. It is also 

true, if X = n = r +, r regular and if I is normal and n+-saturated, since then 

{a < n[ cf(a)  = r} E I* (Shelah [Sh]). So Laver's result is a special case of this 

theorem. The theorem also implies the result of Forman, Magidor and Shelah: 

We can force a n-layered ideal on n with a n+-distributive partial ordering to 

become strongly n-layered. Then by forcing with another n+-distributive partial 

ordering (which therefore do not destroy strongly ~-layeredness on ~) we have 

["]~. 

How to get dense or layered ideals? If n is a huge cardinal and if r < n 

is regular, then there is a generic extension, in which n = r + and there is a 

strongly n-layered, n-complete ideal on n [FMSh2]. Starting with an almost 
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huge cardinal, Woodin constructed an wl-dense, wa-complete ideal on wx. 

We can apply this theorem to limit cardinals as well. Starting with a mea- 

surable cardinal, Kunen and Paris [KP] constructed a generic extension with 

a ~+-saturated, n-complete, normal, uniform ideal on a weakly compact, non- 

measurable cardinal ~. Looking at the proof, one can see, that  the ideal is 

actually x-dense and that  {a < ~1 cf(a)  > 7} E I* for a l l 7  < ~. Thus we 

have an ultrafilter on a weakly compact, non-measurable cardinal ~, which is 

non-(v, t¢)-regular for all 7 < t¢ (Corollary 16). 

A filter U on t¢ is called r egu la r ,  if U is (w, n)-regular. It is well-known, that  

ultrapowers with regular ultrafilters have maximal size, i.e. IA"/UI = IA[ '~ for 

any infinite set A. Starting with an wx-dense or strongly wl-layered ideal on 

wx, Laver [L] and Shelah [FMSh2] got uniform ultrafilters U on wl such that 

Iw'~/UI = Ra. They used CH or <>~. The construction in this paper needs no 

cardinal arithmetic assumptions and yields Iw'~/U] = 2 ~° (Corollary 11). 

For completeness note that  in L all uniform ultrafilters are regular: Prikry [P] 

showed that  every uniform ultrafilter on ~+ is (~, ~+)-regular if V = L. Ketonen 

[Ke] weakened the assumption V = L to -~0 #,  Jensen [DJK] to ~L u, i.e. there 

is no inner model with a measurable cardinal. Jensen proved further, that  in L 

every uniform ultrafilter on w~ (n < w) is regular. Finally Donder [D] showed, 

that  in L every uniform ultrafilter on any cardinal is regular. 

Notation 

Let On  denote the class of all Ordinals, Lim,  Succ,  C a r d  the classes of all 

limit ordinals, successor ordinals and cardinals respectively. For all A, B let 

AB := {fl  f :  A --* B}. For any cardinal 7 [A] ~ and [A] <~ denotes the set of all 

subsets of A of power 7 and of power <7 respectively. A is < 7-closed if for all 

x E [A] <~ U x E A. (a~ I ~ < /3) is continuous increasing, if a~ C a~, for all 

< a '  and a7 = U~<7 a~ for all 7 E Lira. We write B a  for Boolean algebra 

and u f  for ultrafilter. Let (B, + , . , - ,  0, 1) be a Ba. B is ~ -comple te ,  if ~ A 

exists in B for all A E [BI <~. B is (x, 7 ) -d i s t r i b u t i v e  iff I - [ ~ < ~ < ~ u ~ ,  = 

~ f :  "K--...*'~ Hot<'~ Uotf(oO for all u ~  E B, ~ < ~ < n, /3 < ~ < 7. A C B has the 

f in i te  i n t e r s e c t i o n  p r o p e r t y  (tip) iff 11 A' # 0 for all finite A' C A. If A C_ B 

then A* := { - a  I a E A} is the dua l  set to A. For every U C B with the tip we 

write U + := {bE BI ULJ{b} has the tip}. For ideals IC_ B l e t  I + := (I*)+: 

i.e. I + = B \ I. B + := {0} + = B "-{0}. An ideal I C_ B is called ~ - s a t u r a t e d  
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iff every antichain in B / I  has cardinality less then a. If B is R-complete, then 

we call I R - c o m p l e t e  iff ~ A • I for all A • [I]<~. A subalgebra C of B is 

a r e g u l a r  s u b a l g e b r a  if every maximal antichain A in C is also a maximal 

antichain in B. This is fulfilled iff for each b • B + there is a c • C + such that  

for all c' • C +, if c I < c then c' • b ~ 0. (c is called a p r o j e c t i o n  of b). 

Let I C_ 7~(X) be an ideal o n a s e t  X. I is f ine iff for every i • U X  {x • 

X[ i • x} E I*. I is called n o r m a l  iff whenever f :  X ~ V is regressive on some 

b • I + (i.e. f ( x )  • x for all x • b), then there is a y • range f such that  {x • 

b I f ( x )  = y} • I +. This is equivalent to I being closed under diagonal unions, 

i.e. if for all i • U X x i  • I ,  then V~euxXi = {x • X I 3i • x x • X~} • I .  I is 

u n i f o r m  iff for every A • I* IAI = ]X I. For filters we use the same notations as 

for ideals in their analogous meanings. 

D e n s e  ideals  a n d  n o n - r e g u l a r  u l t r a f i l t e r s  

We introduce some notion of normality and fineness for ideals on Boolean alge- 

bras. 

Definition 3: Let B be a a+-complete Boolean algebra and let A = (a~ I a < 

a) E ~B. We call an ideal I C_ B A-fine iff as E I* for all a < a. I is A - n o r m a l  

iff for all (b~ I a < a) E ~I  ~ < ~ ( a ~ .  bs) E I .  

Remark 4: An A-fine ideal I C B is A-no rmMif f fo r  all (bsl a < a) e ~B 

~ < ~ [ b s ] i  = [ ~ s < ~  asb~]i in the algebra B / I .  Let I C 7~(X) be an ideal on 

some set X , ] e t  (i~ I a < a) be any 1-1 sequence, let as  := (x  E X[ is • x} 

and A := (as [ a < a). If  I is normal, then I is A-normal. If I is A-normal and 

U X c_ {is] a < a}, then I is normal. I 

Definition 5: Let B be a Boolean algebra, let A, C, D C B. We call C a D - c o v e r  

o f  A iff for all a • A n D there is a c • C such that  a • c • D. I 

We shall later use this notion to formulate some covering property of ultrafil- 

ters, which is sufficient to get non-regularity. 

For the proof of the next lemma we apply a method similar to one, which is 

used in [BSV] for the construction of ultrafilters without socalled nowhere dense 

towers. 

LEMMA 6: Let a > w be regular, let I be an ideal on a a-complete Boolean 

algebra B. Then for all A • [B] -<'~ there exists an ultrafilter U D_ I* on B such 

that for every I+-cover C C_ A o r B  there is a C1•  [C] <~ with ~ C' E U. 
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Let (a~I 6 < a) be an enumeration of A. For each 6 < a we define 

A 6 : = { H A ' I A ' C _ { a . y I ~ < 6 } U { 1 } , A '  is finite}. 

Thus {a.r[ 3' < 5} C A~ and [A~[ < a. 

CLAIM 1: For each I+-cover C C_ A o r B  there exists a 6c < a such that C n A ~  c 

is an I+-cover of A~ c . 

Proof'. Let C C_ A b e  an /+-cover of B. Let 6 < a. For e a c h a  E A ~ n I  + 

choose a ca E C and a 6a > 6 such that  a ' c a  E I + and ca E A6~. Then 

6" := sup{/ha[ a E A~ M I+}  < a. Let 60 := 0, 6n+1 := 6"  and 6c := supn~6n .  

Let U0 := { ~ ( C  N A~c) I C C_ A is an /+-cover  of B}. 

CLAIM 2: Uo U I* has the tip. 

Proof'. Let C 1 , . . . , C n  C_ A be/+-covers  of B. Let 6i := ~c~. W.l.o.g. assume 

that  61 _< /~2 _< "'" _< 6~. Since 1 E A~ N I  +, there is a cl E C 1 A A ~  1 such 

that  cl E I +. Since c~ E A62 N I  + there exists a c~ E C 2 n A ~  2 such that  

cl • c2 E I +. At last we have choosen some cl E C1 M Az~ . . . .  , c,~ E C= n A6~ such 

that  Cl • c2 . . . . .  c~ E I +. Hence ~ ( C 1  A A~)  . . . . .  ~ ( C ~  A A~,) E I +. Thus 

Uo U I* has the tip. 

Now every ultrafilter U _D U0 U I* has the required property. I 

LEMMA 7: Let ~ > w be regular, let I be a a-complete, n-dense ideal on some 

a-complete Boolean algebra B.  Then there is an ultrafilter U D_ I* such that  for 

each I+-cover C o r B  there is a C ' E  [C] <~ with ~ C~ E U. 

Proof'. Let A E [I+]-<~ be dense in I +. Lemma 6 gives us an uf U D I* such 

that  for each/+-cover  C C A of B there is a C'E  [C] <~ with ~ C'E  U. 

U has the required property: Let C _c B be an /+-cover  of B. For each a E A 

chooseca E C, da E A a n d  ya E I s u c h t h a t  a . c a  E I + a n d d a - y ~  < a . c a .  

{dal a E A} is dense in I +, so it is a subset of A, which is an /+-cover  of B. Now 

we get a n A ' E  [A]<~ such that  ~{da [  a E A'} E V. Then )"~{da-ya[ a e A'} E V 

since I is n-complete. Moreover da - Ya _< ca implies ~{ca [  a E A'} E U. This 

completes the proof. I 

LEMMA 8: Let a > v _> w, a regular, let I C_ P ( X )  be a normal ideal on a 

nonempty  set X such that {x E X[ a E x}  E I* for all a < a. Suppose that 

U ~_ I* is an ultrafilter on X such that 
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(1) {z  E X[ x n ~  is <rclosed} ~ U 

(2) For each I+-cover C of P ( X )  there is a C 'E  [C] <~ with U C ' E  U. 

Then U is non-(r, ~).regular. 

Proof: Suppose that U is (% n)-regular and that (us] a < n) is a witness of the 

(r, ~)-regularity. For each x E X let 

: =  < • e 

Then Ib~[ < r .  Thus the function f :  X --* t¢ 

f(x) := U(bx n z) 

is regressive on c := {z E XI xn~ is <r-closed} E U. {f-lt/{c¢}[ OL < /~}U{X N C} 

is an /+-cover of P (X) :  If for some b E I + b "-c E I,  then f is regressive on 

bnc ~ I+; since I is normal, there is an a 6 r n g f  such that b n c n f - l " { a }  E I +. 

Now by (2) there is an u E U and an a < t¢ such that f "u _C a. Then b~ n x c_ 

for a l l x  E u, s o a  ¢~b~ for a l l x  E u s u c h t h a t  a E x, h e n c e x  C u s .  Thus 

u n us N {x E X[ a E x} = 0, a contradiction. I 

The proof of Lemma 9, the Boolean algebraic version of Lemma 8, is more 

technical. 

LEMMA 9: Let ~ > r > w, t¢ regular, let B be a (2~)+complete, (g+,n+)- 

distributive Boolean algebra and let I C B be an ideal, which is A-fine and 

A-normal for some A = (an[ a < ~} E ~B. Suppose that U D_ I* is an ultrafilter 

on B such that 

i1) + a,.pF) V 
(2) For each I+-cover C o r b  there is a C' e [C] <~ with Z C' e U. 

Then U is non-(T, ~)-regular. 

Note that  l-Ire[~]<. ( E v e r - a v .  + a,~pr) = {x E X[ x n ~ is < T-closed} if 

B = P ( X )  and a~ = {x E X I "r E x} for all "r < ~. Condition (1) is trivial if 

T ~ O ) .  

Proofi Suppose that  U is (r, ~)-regular and that (u~ [ a < ~) is a witness of the 

(r, ~)-regularity. Let 

reI~]<- ~er 
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W.l.o.g. for all a < x 
Uex <~_ a¢~ • c. 

For each a < ~ let 

7<~/~> 7 /~>a 

CLAIM 1: b a < a s  for a l l a < ~ , a # O .  

Proo~ 

b~_<l] 
~,<ex 7<fl<c~ f:  ~---,a+l -y<~ rEp(a+l) ~er 

V-r/(~)>~ supr=a 

= Z H u T  (regularity) u~ + ~ H u~ 
FE[~+I]  <" 7EF FE[~+I] <" 7EF 

supP=~ supP=a  

<_an+ Z H (a~'c) 
FE[~+I] <~ ~EF 

supg----a 

= a a +  ( c - Z  H a ~ )  (F ~t 0 since a ¢ 0) 
FE[a-{-1] <~ "yEF 

supP=a  

=oo+ (~ E (go~ oo)) 
Fe [a+ l ]  <~ "rEF 

supF=a  

-<oo+@ Z (IIo~-o,u.~)) 
FE[c~+l] <~ 3'EP 

a a . 

CLAIM 2: {b~ 1 a < ~} is an/+-cover of B. 

Proof'. 

a < ~  a < ~  ~ < a  /3>')' f l>a  ~<~ /3>a "),<a /3>-¢ 

= Z ( - E u ~ ) = - I I Z u ~  = -  ~2 IIu,(o) =1 
Voef(a)>a 

since (ua I a < ~} is a witness of the (~-, ~)-regularity. Using Claim 1 we get for 

every d E I + ~-~a<~ aabad >__ aod ~P--,a<,¢ ba = aod E I +. By A-normality there is 

some c~ < ~ such that bad E I +. 
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Nowby (2) there exists a 5 < g such that ~ < ~  b~ E U. Thus u~.:~-~<~ b~ E U, 

but 

Contradiction. | 

Now part (1) of the main theorem follows from Lemma 7 and 8. Lemma 7 and 

9 imply Theorem 10, which is a generalisation of part (1) of the main theorem. 

THEOREM 10: Let ~ > w be regular, let B be a (2~)+-complete, (~+,t¢+) - 

distributive Boolean algebra. Suppose that I C_ B is a R-complete, to-dense 

ideal, which is A-tlne and A-normal for some A = (aa[ a < to) E '~B. Then there 

is an ultrafilter U 2 I* on B, which is non-(r, ~)-regular for all T < ~ such that 

1-Ire[~l<. ( ~ r - a ~  + as,or) E I*. 

We can use the previous lemmas to estimate the cardinality of some ultrapow- 

ers. Laver [L] proved, that every ultrafilter U on Wl, which is generated by a nor- 

mal filter and some set of size Wl, is non-(w, wl)-regular. Moreover [w~l/U] = R1 

if CH holds. Actually Laver's argument shows: Let U be a non-(v, v+)-regular 

ultrafilter on v +, which is generated by a v+-complete filter and some set of size 

2 v. Then [vv+/V[ < 2 ~. 

COROLLARY 11: Let I C_ P(v  +) be a normal, v+-dense idea/on v +, v regular, 

such that v + C_ I. Then there is an ultrafilter U D_ I* on v + such that [v~+/U[ < 
2 v . 

Proof: I is t~+-complete. Lemma 7 gives us an ultrafilter U _D I* on v + such 

that  for each /+-cover C of 7~(v +) there is a C' E [C] <" with U C' E U. By 

Lemma 8 V is non-(v, v+)-regular, since {a < v+l cf(a) = v} • I* (Shelah [Sh]). 

Let A • [I+]<~+ be dense in P(v+) / I .  Then I* U {UA'] A ' •  [A]-<v,[_JA' • U} 

generates U, since for any b _C v + the set C := {a • A[ a fq b • I or a \ b  • I}  is 

an/+-cover  of P(v+). Thus U is generated by I* and some set of size 2 ". Then 

by Laver's argument ]v~+/U] _< 2 ~. | 

If v = w, then [w~/U] = 2 ~° for the following reason: U is not wFcomplete. 

Let {u,[ n < w) • ~U be decreasing such that [~,<~ u ,  = O. For every A c w 

let fA: Wl ---* iT] <w, fA(X) := {n • A I x • un}. Then A ~ [fAlu is a n  injection 

from P(w) into ([w]<~)~'/U because fA(x) # f s ( x )  for all x • u ,  i f n  • A " . B .  
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L a y e r e d  ideals  a n d  n o n - r e g u l a r  u l t r a f i l t e r s  

Before we prove part (2) of the main theorem we need two more lemmas. 

LEMMA 12: Suppose that Bo and B are ~-complete Boolean algebras, Bo is a 

regular subalgebra of B and U C_ Bo is an ultrafilter in Bo such that for every 

B+-cover C C_ Bo of Bo there exists a C 'E  [C] <~ with ~ C' E U. I r A  C_ B is a 

B+-cover orB, then { E A ' I  A'E [A] <~} is an U+-cover orB .  

Proof." Let A C_ B be a B+-cover of B, let d E U +. Consider Ao := {b E 

Bo[ b. d = 0 or for some a E A b is a projection of d .  a in Bo}. 

CLAIM 1: Ao is a B+-cover of B0. 

Proof'. Let bo E Bo +. I f b o . d =  0, thenbo E Ao. I f b o . d ¢  0, then there is 

an a E A such that a-  bo • d ¢ 0. Let b E Bo be a projection of a .  bo • d. Then 

b. a. bo" d ¢ 0, particularly b. bo ¢ 0. Moreover b E Ao since b is also a projection 

of a .  d. So in both cases there is a b E Ao such that b. bo ¢ 0. 

By the assumption there is an A~ E [Ao] <~ with ~ A6 E U. Either ~ { b  E 

A ~ i b - d = 0 }  E U o r ~ { b E A C [  for s o m e a E A b i s a p r o j e c t i o n o f d . a } E  U. 

Since d . ~ { b  E A~[ b.d = 0} = 0 the first case is impossible (d E U+). So w.l.o.g. 

for every b E A~ there is an a E A such that b is a projection of d .  a. 

Choose A'E [A] <~ such that for each b E A6 there exists such an a E AC Let 

a* := ~-'~ A'. 

CLAIM 2: a* • d E U +. 

A I Proof." Let u E  U. u . ~ A ~ E  U s i n c e ~  oE  U. So there is a n a o  EA ~su c h  

that u - a o  ~ 0. Choose a n a  E A ~such that  ao i s a p r o j e c t i o n o f a - d .  Then 

u.  ao" a .  d ¢ 0 (since u.  ao E B +) and therefore u.  ~ A'.  d ¢ 0, i . e . u ,  a*. d ¢ 0. 

Claim 2 completes the proof of Lemma 12. I 

LEMMA 13: Let ~ > w be regular, let Bo, B and U be as in Lemma 12 and 

assume that [B[ _< ~. Then there exists an ultrafilter V D_ U on B such that for 

each B+-cover C o r B  there is a C~E [C] <~ such that ~ C~ E V. 

Proof: Using Lemma 6 (with A := B, I := the ideal generated by U* in B) 

we get an ultrafilter V _~ U on B such that  for each U+-cover C of B there 

i s a C ' E  [C] <~ w i t h ~ C ' E  V. I f A i s a B + - c o v e r  o f B ,  then by L e m m a 1 2  

C := ( ~ A ' [  A 'E  [A] < '}  is a U+-cover of B. Hence there exists a C ' E  [C] <" 

with ~ C'E V and therefore an A " E  [A] <~ with ~ A"E V (~ is regular). I 
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LEMMA 14: Let ~ > w be regular. Suppose D~ and I is a ~-complete, strongly 

~-layered ideal on a to-complete Boolean algebra B. Then there is an ultrafilter 

U D_ I* such that for each I+-cover C o r b  there is a C'E [C] <~ with ~ C ~ E  U. 

Proof: Let (B~ I a < ~+) be a continuous increasing chain of Bas such that 

B / I  = [.J~<~+ Ba and for all a < ~+ such that cf(a) -- ~ Ba is a ~-complete 

regular subalgebra of B / I  of cardinality ~. Let (C,,[ a E ~+ n Lira) be a [3~- 

sequence, i.e. 

(i) Ca is club in a 

(ii) C~ = C~ N ~3 if j3 is a limit point of Ca 

(iii) ot(C~) < ~ if cf(a) < ~. 

Thus ot(C~) = ~ if cf(a) = ~. Let (hi[ i < ~+) be the strictly increasing 

enumeration of {6 < ~+[ cf(6) = ~}. Choose for each i < r+ an enumeration 

(b~l 6 < ~) of Bi. For each j E ~+n  Lim and each i • Cj U {j} let 

We notice the following facts for all j, j~ •  ~+ N Lira and all i, i' • Cj O {j}: 

(1) [ B ) [ < ~ i f c f ( j ) < ~ o r i < j  

(2) B) C_ B~' if i <_ i' 

(3) [,JiecBj = B,~j if cf(j)  -- 
(4) B~ C_ Ba, C_ B~j 

(5) Bj = Bj, if j is a limit point of Cj, (since i n Cj = i A Cj,) 

(6) Ukeincj Bk = Bj if i is a limit point of Cj 

(7) { ~ A [  A • [B~] <~} C_ B i. 

Now we define recursively a sequence (Ui] i < t¢ +) which satisfies the following 

conditions: 

(a) Ui is an uf on B~, such that for each B+~-cover C C_ B~, of B~, there is a 

C ' e  [C] <~ with ~ C ' e  U~ 

(b) UiC_Uj for a l l i < j < ~ +  

(c) V i C_ Uj for all j • ~+N Lim such that cf(j)  < 

where 

I =_ a  -cover for each k 

Let j < ~+ and suppose that  (Ui[ i < j)  is akeady defined as required. 
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CASE 1: Let j = 0. Using Lemma 6 we get an ultrafilter Uo on B~ o satisfying 

(a), 

CASE 2: Let j C Succ, j = k + 1. Lemma 13 gives us an ultrafilter Uj D_ Uk on 

B~j, which satisfies (a). 

CASE 3: Let j E Lim, cf(j)  < n. For each 5 < n let 

A~j := {~'~. A I A C_ {b~j I t3 < 5} U B~,A is finite }. 

Then IA~I < n (since [BJl < n if cf(j)  < n) and U~<~A~j = B~j. For each 

B+j-cover C C B~j of B~j such that { ~ C ' ]  C ' E  [C] <~} C_ C there exists a 

5c < ~ such that C M A~ c is a U+-cover of A ~  for each k e Cj: Let 50 := 0. If 

5, < n is already defined, choose for every k E Cj and every b E A ~  M U + some 

Cb k C C and some 5b k > 5, such that b. Cb k E U + and cb k E . ~-~i (this is possible 

by Lemma 12). Let 5n+l := sup{5~l k e Cj,b e A~ (~ U +} and 5c := sup~e~5~. 

Then C M A ~  is a V+-cover of A ~  for each k e Cj. Particularly C n A~ is a 

U:-cover of Bj for each k since , j  Let 

Wj:= {~'~.(CnA~C~) CC_B~ isaB+j-coverofB~ 

such that {~-'~ C' I C'C [C] <~} c C}.  

CLA1M A: Ui<j ui u vj u wj has the tip. 

Proo~ Suppose that D1, ..., Dm C_ B~ are U+-covers of B~ for each k E Cy, 

C1, ...,Ca C_ B ~  are B+i-covers of B ~  such that { ~ C '  I C ' e  [Cp] <~} c_ Cp, 
1 <_ p _< n, and let u E Ui<jUi. There is an k E Cj such that u E Uk. Let 

5p := 5cp(1 < p _< n). It suffices to show that 

~'~ D1 . . . . .  ~ D,,. ~-'~,(C1AA ~ . . . . .  ~'~(C,~ n A ~ )  E U + • 

W.l.o.g. 61 _< 62 _< ""_< 5.. Since 1 E B ~ N U  + there is a d l  E D1 such that 

dl C U +. Since dl E Bj  M U + there is a d2 E D2 such that d l .  d2 E U +. Since 

dl • d2 C B j n U + there is a d3 E D3 such that dl • d2 • d3 E U +. At last we have 

choosen dl E D1 , . . . ,  dm E Dm such that d l " "  dm E B~ N U +. Since C1 M A~I~ 

is a U+-cover of B~ there is a cl C C, M A~lj such that dl . . .  din.c1 E U +. Since 

dl. . .dm.cl  EA~MU+k there i s a c 2 E C 2 N A ~  such t h a t d l . - . d m . c l . e 2 E U  +. 



286 M. HUBERICH Isr. J. Math, 

At last we have choosen cl 6 C1 n A ~ , . . . ,  cn 6 C, n A~] such that d l . . -  dm• 

Cl . . . c ,  6 U +. Hence ~ D 1 . . . ~ D m .  Y~(C1 n A~I~).-.~(Cn NAZI)6 U +. 

Let Uj _D Ui<j Ui u vj u wj be an arbitrary uf on B~ i. Then Uj satisfies the 

covering property (a) since Wj C_ Uj. 

CASE 4: Let j 6 Lim, cf(j) = g. Then c~j = supi<jc~i and B~j = U~<j B~,. 

Let Uj := Ui<j ui. uj is an uf on B~,. 

CLAIM B: Uj satisfies (a). 

Proo~ Let C C B~j be a B+¢-cover of B~ .  W.l.o.g. { ~  C' I C '6  [C] <~} C C. 

Let io := minCj. If i,~ 6 Cj is already defined, then choose for each k 6 in O Cj 
• • + ' k  and e a c h b 6 B ~ " n U  + a c  k 6 C a n d a n z ~ > i . s u c h t h a t c ~ . b E U  k,z b 6C jand  

c~ 6 B~ ~ (this is possible by Lemma 12). Choose in+l 6 Cj, i,~+, > sup{ib k] k 6 

in ACj, b 6 B~" oU+}.  Let i : =  sup,e~i,.  Then i 6 j OLim and cf(i) < 

since in < i ,+l  < j. i is a limit point of Cj, so Ci = i o Cj and B~ = Bj. Let 

D := C O B~. D is a U+-cover of B~ for each k 6 C~: For each k 6 Ci and each 

b 6 B~AU + (= BijOU +) there is a n < w such that k 6 i,~oCj and b E Bj" oU  +. 

Hence there is a c~ 6 C O B~. "+1 such that b. c~ 6 U +. Thus c~ 6 C O B~ = D 
--3 

since B~ "+' C Bj = B~. So ~ D 6 Vi and therefore ~ D 6 Uj. 

This completes the definition of (U~] i < ~+). 

Now let V := U~<~+ui. v is a n u f o n  B. For each B+-cover C c_ B of B 

there exists an i < ~+ such that C O B~ is a B+,-cover of B~. Thus there is 

a C' 6 [C n B~,] <~ with ~ C' 6 U~. Therefore ~ C' 6 V. Let U := U V. Then 

U _D I* and for each/+-cover C of B there is a C' 6 [C] <" such that y]~ C' 6 U. 

This completes the proof of Lemma 14. I 

Part (2) of the main theorem follows from Lemma 8 and 14. Lemma 9 and 14 

imply Theorem 15, which is a generalization of part (2) of the main theorem. 

THEOREM 15: Let ~ > w be regular, let B be a (2")+-complete, (~+, ~+)- 

distributive Boolean algebra. Suppose [3~ and I C B is a R-complete, strongly 

~-layered ideal, which is A-fine and A-normal for some A = (a~ I a < ~) E ~B. 

Then there is an ultratilter U D_ I* on B, which is non-(T,~)-regular for ali r < 

such that lIre[~l<. ( ~ e r - a ~  + asupr) 6 I*. 

We give an application of the main theorem to limit cardinals. 
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COROLLARY 16: It  is consistent relative to the existence of  a measurable car- 

dinal, that there is an uniform ultrafilter on a weakly compact, non-measurable 

cardinal g, which is non-(T, g)-regular for all r < g. 

Proo~ Starting with a measurable cardinal, Kunen and Paris ([KP], Theorem 

4.4) constructed a generic extension with a R-complete, g+-saturated, normal, 

uniform ideal I on a weakly compact,  non-measurable cardinal g. Looking at the 

construction in Lemma 4.9 of [KP], one can see, that  this ideal is actually R-dense 

and {a  < g[ cf(a)  _ v} E I* for all T < g. Using our main theorem, there is an 

uniform ultrafilter on g, which is non-(T, g)-regular for all T < g. | 

The main theorem may also become a tool to get non-(T, g)-regular ultrafilters 

even on sets X such that  IX[ > g, if it becomes possible to construct suitable 

ideals. 

Remark  17: The main theorem gives a new proof, that  under MAs I there is no 

wl-dense, 03x-complete ideal on oJ 1 (see [FMShl] or [T]), since Laver [L] showed, 

that  under MA~ 1 all uniform ultrafilters on 031 are regular. | 
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