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ABSTRACT
We construct non-regular ultrafilters, extending filters which are dual to

dense or layered ideals.

Introduction

If there is a g-complete uniform ultrafilter on a cardinal «, then « is greater than
or equal to a measurable cardinal. Interested in ultrafilters on smaller sets, one
has to look at characteristics, which are weaker than completeness. In this paper
we shall consider non-regular ultrafilters.

Definition 1: A filter F on a 7*-complete Boolean algebra B is (r, x)-regular
iff there is an A C F, |A| = & such that [[A’ = 0 for each A’ C A, |A'| = 7.
§

Thus F is non-(r, k)-regular if for all A C F, |A| = & there is an A’ C A,
JA'| = 7 such that [JA" # 0.

For the construction of the non-regular ultrafilters we will use ideals, which
have strong saturation properties.

Definition 2: An ideal I on a Boolean algebra B is k-dense iff B/I has a dense
subset of size < k. I is k-layered (see [FMSh2]) iff there is a stationary set
S C {a < k| cf(a) = cf(x)} and some continuous increasing chain of Boolean
algebras (B,| @ < &%) such that B/I = |J .+ Bo and for all « € § B, is a
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r-complete regular subalgebra of B such that |B,| < k. I is strongly x-layered
if we can choose S = {a < k| cf(a) = cf(x)}. |

Note that x-dense or x-layered ideals are x*-saturated.

Two important results about the existence of non-regular ultrafilters are from
Laver and from Foreman, Magidor and Shelah. In [L], Laver constructed a non-
(w, w1 )-regular, uniform ultrafilter on w;. He extended the dual filter of an w;-
dense, w;-complete, normal ideal using o, (or at least CH as a result of [BSV]).
In [FMSh2), Foreman, Magidor and Shelah got a non-(7, k)-regular, uniform ul-
trafilter on k = 71, 7 regular, by forcing with a x*-distributive partial ordering
over a model with ¢, and with a x-layered, normal ideal on «.

In this paper we improve these results and give a more general method to
construct non-regular ultrafilters on suitable sets without using ¢,.. We shall

prove the following theorem:

THEOREM: Let k > w be regular, let X be a nonempty set. Suppose that
I C P(X) is a k-complete, normal ideal on X such that {z € X|a € 2} € I* for
alla < k. If

(1) I is k-dense or

(2) O, and I is strongly k-layered,
then there is an ultrafilter U D I* on X, which is non-(7, k)-regular for all T < K
such that {x € X| z Nk is <7-closed} € I*.

We shall actually prove a slightly more general theorem, only talking about
ultrafilters and ideals on Boolean algebras. Therefore we shall later introduce
some notion of normality for ideals on Boolean algebras.

Note that {z € X| x Nk is < 7-closed} € I* is trivial if 7 = w. It is also
true, if X = k = 7+, 7 regular and if I is normal and x*-saturated, since then
{a < k| cf(a) = 7} € I* (Shelah [Sh]). So Laver’s result is a special case of this
theorem. The theorem also implies the result of Forman, Magidor and Shelah:
We can force a k-layered ideal on « with a x*-distributive partial ordering to
become strongly k-layered. Then by forcing with another x*-distributive partial
ordering (which therefore do not destroy strongly x-layeredness on ) we have
Ok.

How to get dense or layered ideals? If x is a huge cardinal and if 7 < &
is regular, then there is a generic extension, in which k = 7t and there is a

strongly x-layered, s-complete ideal on x [FMSh2]. Starting with an almost
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huge cardinal, Woodin constructed an w;-dense, wi-complete ideal on wj.

We can apply this theorem to limit cardinals as well. Starting with a mea-
surable cardinal, Kunen and Paris [KP] constructed a generic extension with
a ktsaturated, k-complete, normal, uniform ideal on a weakly compact, non-
measurable cardinal k. Looking at the proof, one can see, that the ideal is
actually x-dense and that {a < x| cf(a) > 7} € I* for all 7 < k. Thus we
have an ultrafilter on a weakly compact, non-measurable cardinal x, which is
non-(7, k)-regular for all 7 < k (Corollary 16).

A filter U on & is called regular, if U is (w, k)-regular. It is well-known, that
ultrapowers with regular ultrafilters have maximal size, i.e. |A%/U| = |A|* for
any infinite set A. Starting with an w;-dense or strongly wj-layered ideal on
wy, Laver [L] and Shelah [FMSh2] got uniform ultrafilters U on w; such that
|w*1/U| = R;. They used CH or ¢,,. The construction in this paper needs no
cardinal arithmetic assumptions and yields |w“1/U| = 2% (Corollary 11).

For completeness note that in L all uniform ultrafilters are regular: Prikry [P]
showed that every uniform ultrafilter on k% is (k, x*)-regular if V = L. Ketonen
[Ke] weakened the assumption V = L to —0#, Jensen [DJK] to ~L*, i.e. there
is no inner model with a measurable cardinal. Jensen proved further, that in L
every uniform ultrafilter on w, (n < w) is regular. Finally Donder [D] showed,

that in L every uniform ultrafilter on any cardinal is regular.

Notation

Let On denote the class of all Ordinals, Lim, Succ, Card the classes of all
limit ordinals, successor ordinals and cardinals respectively. For all A, B let
AB :={f| f: A — B}. For any cardinal 7 [A]" and [A]<" denotes the set of all
subsets of A of power 7 and of power <7 respectively. A is <7-closed if for all
r € [A]<" Uz € A. (as| @ < B) is continuous increasing, if a, C aq for all
a < o' and ay = |y, 0o for all ¥ € Lim. We write Ba for Boolean algebra
and uf for ultrafilter. Let (B,+,-,—,0,1) be a Ba. B is x-complete, if >~ A
exists in B for all A € [B]<*. B is (k,7)-distributive iff [[, .z 57 Uas =
E,;;_.;Haquaf(a) for all upg € B,a < K< Kk, 6 <T< 7. AC B has the
finite intersection property (fip) iff [] A’ # 0 for all finite A’ CA. If AC B
then A* := {—a| a € A} is the dual set to A. For every U C B with the fip we
write Ut := {b € B| U U {b} has the fip}. For ideals I C B let It := (I*)*,
ie. I = BN1. Bt := {0}t = B~{0}. An ideal I C B is called k-saturated
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iff every antichain in B/I has cardinality less then . If B is x-complete, then
we call I k-complete iff 5 A € I for all A € [[]<*. A subalgebra C of B is
a regular subalgebra if every maximal antichain A in C is also a maximal
antichain in B. This is fulfilled iff for each b € B* there is a ¢ € C* such that
for all ¢ € Ct, if ¢’ < cthen ¢ -b# 0. (cis called a projection of b).

Let I C P(X) be an ideal on a set X. I is fine iff for every i € JX {z €
X|i€x}eI*. Iis called normal iff whenever f: X — V is regressive on some
be It (ie. f(z) € z for all z € b), then there is a y € range f such that {z €
b| f(z) = y} € I'*. This is equivalent to I being closed under diagonal unions,
ie ifforallie UX X; €I, then ViewxXs={z € X|FHezreX;}el. Iis
uniform iff for every A € I* |A] = | X|. For filters we use the same notations as
for ideals in their analogous meanings.

Dense ideals and non-regular ultrafilters

We introduce some notion of normality and fineness for ideals on Boolean alge-
bras.

Definition 3: Let B be a x*-complete Boolean algebra and let A = (aq| a <
k) € *B. We call an ideal I C B A-fine iff a, € I* for all @ < k. I is A-normal
iff for all (b < k) €I Y, (daba) € 1.

Remark 4: An A-fine ideal I C B is A-normal iff for all (by| a < k) € *B
Pacrlbalr = Dok aabo|r in the algebra B/I. Let I C P(X) be an ideal on
some set X, let (i,] @ < k) be any 1-1 sequence, let an := {z € X| io € 7}
and A := (a,| @ < k). If I is normal, then I is A-normal. If [ is A-normal and
UX C {is| @ < &}, then I is normal. |

Definition 5: Let B be a Boolean algebra, let A,C, D C B. We call C a D-cover
of Aiff foralla € AN D thereisace C such that a-c € D. |

We shall later use this notion to formulate some covering property of ultrafil-
ters, which is sufficient to get non-regularity.

For the proof of the next lemma we apply a method similar to one, which is
used in [BSV] for the construction of ultrafilters without socalled nowhere dense

towers.

LEMMA 6: Let & > w be regular, let I be an ideal on a k-complete Boolean
algebra B. Then for all A € [B]S* there exists an ultrafilter U 2 I* on B such
that for every I't*-cover C C A of B there is a C' € [C]<* with } C'e U.
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Proof: Let {as| 6 < k) be an enumeration of A. For each § < x we define
As = {H A ‘ A C{aylv<é}u{1}, A s ﬁnite}.

Thus {a,| v < 6} C As and [As] < .

CrLAM 1: For each I*-cover C C A of B there exists a 6c < « such that CN As,,
is an I'*-cover of As,,.

Proof: Let C C A be an Icover of B. Let § < k. For each @ € As N I+

choose a ¢, € C and a §, > 6§ such that a-c, € It and ¢, € As,. Then

6* :=sup{da|a € As NIt} < k. Let 8 := 0, ny1 := 65 and 6¢ := sup, ¢, 6n.
Let Up := {3_(C N As, )| C C A is an I'*-cover of B}.

CLAM 2: Uy U I* has the fip.

Proof: Let C1,...,Cn C A be I'*-covers of B. Let §; := éc,. W.lo.g. assume
that §; < 83 < --- < 6. Since 1 € A5, NIT, there is a ¢; € C1 N As, such
that ¢; € I". Since ¢; € Ag, NI there exists a c; € Ca N As, such that
c1-cp € I, At last we have choosen some ¢; € CyN As,,...,cn € C, N As,, such
that ¢y -cg - -+~ cn € I™. Hence 3 (CyN Ag) -3 (CuN As,) € I*. Thus
Up U I'* has the fip.

Now every ultrafilter U D Uy U I* has the required property. 1

LEMMA 7: Let k > w be regular, let I be a k-complete, k-dense ideal on some
x-complete Boolean algebra B. Then there is an ultrafilter U D I* such that for
each I*-cover C of B there is a C'€ [C]<* with 5. C'e U.

Proof: Let A € [I*]<" be dense in I*. Lemma 6 gives us an uf U D I* such
that for each I*-cover C C A of B there is a C'€ [C]<* with Y C'e U.

U has the required property: Let C C B be an I*-cover of B. For each a € A
choose ¢, € C, d, € Aand y, € I suchthat a- ¢, € IT and d, — 9, < a - co.
{ds| a € A} is dense in I'*, so it is a subset of A, which is an I*-cover of B. Now
we get an A’ € [A]<*such that Y -{d,|a € A’} € U. Then Y {do—y.|a € A’} €U
since I is k-complete. Moreover d, — y, < ¢, implies Y {c,| a € A’} € U. This
completes the proof. 1

LEMMA 8: Let k > 7 > w, & regular, let I C P(X) be a normal ideal on a
nonempty set X such that {z € X| o € z} € I* for all @ < s. Suppose that
U D I* is an ultrafilter on X such that
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(1) {z e X|znk is <tclosed} € U
(2) For each I't*-cover C of P(X) there is a C'€ [C]<* with | JC'e€ U.
Then U is non-(r, k)-regular.

Proof: Suppose that U is (7, )-regular and that {(us| @ < &) is a witness of the
(7, k)-regularity. For each z € X let

by := {a < k| z € ua}.
Then |b,| < 7. Thus the function f: X — &

f(@):=Jb: N )

is regressive on ¢ := {x € X| zNkis <7-closed} € U. {f~V{a}] a < k}U{X ~ ¢}
is an I*-cover of P(X): If for some b € It b~c € I, then f is regressive on
bNc € I'; since I is normal, there is an a € rng f such that bnenf~Y"{a} € I't.
Now by (2) there is an u € U and an a < & such that f”u C a. Then b,Nz C «
for all z € u, so a & b, for all x € u such that « € z, hence z ¢ u,. Thus
uNue N{z € X| @ € 2} = B, a contradiction. [ |

The proof of Lemma 9, the Boolean algebraic version of Lemma 8, is more
technical.

LEMMA 9: Let kK > 7 > w, k regular, let B be a (2~)*-complete, (k%,xt)-
distributive Boolean algebra and let I C B be an ideal, which is A-fine and
A-normal for some A = (a,| & < k) € *B. Suppose that U 2 I* is an ultrafilter
on B such that

(1) l'lrem« (2761‘ —ayt asunﬂ‘) el

(2) For each I*-cover C of B there is a C'€ [C]<* with )} C'e€ U.
Then U is non-(T, k)-regular.

Note that [Trepq<- (E,,er —a, + as“pp) ={z € X| zNk is < 7-closed} if
B =P(X)and ay = {z € X| v € z} for all v < k. Condition (1) is trivial if
T=w.

Proof: Suppose that U is (7, 5)-regular and that (us] @ < &) is a witness of the
(7, k)-regularity. Let

c:= H (Z —a7+asupp).

Telk)<r ~€r
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W.lo.g. forall a < &

Uy < Ay * C.

For each a < & let

bo = HZuﬁ—Zug.

y<a 8>y B>a

CLAM 1: b, <aq foralla < k,a #0.

Proof:
b<IT D w= Y Ilwws XY Ilw
y<a y<pLa f: a—atl y<a PEP(a+1) 7€l
Yy i (v)> supl'=a
= Z H u., (regularity) u, + Z H Uy
refa+1]<7 7€l Telat1}<” 7€l
supl'=a supl'=cx

IA

Qo + Z H(a’Y 'c)

refe+1)<" v€r

sup['=a

aa+(c' Z Ha7) (T # 0 since a # 0)

refo+1]< v€r
supl'=a

aa+(c- z (Haﬂ,—aa))

refe+1)<" ~v€r
supl'=a

Saa+(6~ Z (Haw—asupr))

refo+1)<r yer

= Qq.

CLAM 2:  {b,] a < k} is an I'*cover of B.

Proof:
Sba=3(IT Xus— Yus) = 2o ((- X w) = Yo (= X))
alk alx v<a B>y B>a alk B>a 2] B>~
=Y (-Xu)=-IXZw=- ¥ [Mww=t
a<k oo a<k >a [iron a<lk
Vaf(a)>a

since (uq) @ < k) is a witness of the (7, k)-regularity. Using Claim 1 we get for
everyde It 3, ., aabad > apd) .. ba = aod € I'*. By A-normality there is
some a < k such that b,d € I,
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Now by (2) there exists a6 < xsuchthat ) ;b € U. Thusus )., sba € U,
but
T SURETES 5101 LRSS RS 3l yt I
a<é a<sd v<a B>y B>a a<ld Br>a

Contradiction. [ |

Now part (1) of the main theorem follows from Lemma 7 and 8. Lemma 7 and
9 imply Theorem 10, which is a generalisation of part (1) of the main theorem.

THEOREM 10: Let K > w be regular, let B be a (2%)t-complete, (k¥ k*)-
distributive Boolean algebra. Suppose that I C B is a k-complete, k-dense
ideal, which is A-fine and A-normal for some A = {a,| a < k) € *B. Then there
is an ultrafilter U D I* on B, which is non-(r, k)-regular for all T < s such that
HI‘G[&]<" (Z’yef —Qy + asurﬂ‘) €I

We can use the previous lemmas to estimate the cardinality of some ultrapow-
ers. Laver [L] proved, that every ultrafilter U on w;, which is generated by a nor-
mal filter and some set of size wy, is non-(w,w; )-regular. Moreover |w“*/U| = N;
if CH holds. Actually Laver’s argument shows: Let U be a non-(v, v*)-regular

ultrafilter on v+, which is generated by a v+-complete filter and some set of size
2¥. Then [v»W'/U| < 2*.

COROLLARY 11: Let I C P(v*) be a normal, v*-dense ideal on v*t, v regular,
such that v+ C I. Then there is an ultrafilter U O I* on v* such that |v*"/U| <
2v.

Proof: I is v*-complete. Lemma 7 gives us an ultrafilter U D I* on vt such
that for each I*-cover C of P(v+) there is a C’ € [C]s¥ with |JC' € U. By
Lemma 8 U is non-(v, v*)-regular, since {a < v*| cf(a) = v} € I* (Shelah [Sh)).
Let A € [I*]<"" be dense in P(v*)/I. Then I* U {{JA'| A’ € [A]S¥,UA’ e U}
generates U, since for any b C vt the set C:={a € Alanbe T ora~be I} is
an I*-cover of P(v*). Thus U is generated by I* and some set of size 2“. Then
by Laver’s argument |v*"/U| < 2*. |

If v = w, then |w*!/U| = 2% for the following reason: U is not w;-complete.
Let (un] n < w) € “U be decreasing such that ), ., un = @. For every A C w
let fa:w; — W]<¥, fa(z) = {n € Al z € u,}. Then A — [fa]y is an injection
from P(w) into ([w]<¥)“* /U because fa(z) # fp(z) for allz € u, if n € AN B.



Vol. 87, 1994 NON-REGULAR ULTRAFILTERS 283
Layered ideals and non-regular ultrafilters
Before we prove part (2) of the main theorem we need two more lemmas.

LEMMA 12: Suppose that By and B are k-complete Boolean algebras, By is a
regular subalgebra of B and U C By is an ultrafilter in By such that for every
Bj -cover C C By of By there exists a C' € [C]<* with}. C'e U. fACBisa
Bt-cover of B, then {3 A’| A’ € [A]<*} is an U*-cover of B.

Proof: Let A C B be a B*-cover of B, let d € Ut. Consider Aq := {b €
Bo| b-d =0 or for some a € A bis a projection of d-a in By}.

CLAIM 1: A is a By -cover of B.

Proof: Let by € Bg. If bg-d = 0, then by € Ag. If bg-d # 0, then there is
an a € A such that a-by-d # 0. Let b € By be a projection of a - bg - d. Then
b-a-bp-d # 0, particularly b- by # 0. Moreover b € A since b is also a projection
of a - d. So in both cases there is a b € Ag such that b- by # 0.

By the assumption there is an A§ € [Ag]<* with 3~ Aj € U. Either ) {b €
Ajlb-d=0}eUory {be Af| for some a € A b is a projection of d-a} € U.
Since d- 3 {b € Ag| b-d = 0} = 0 the first case is impossible (d € U™). So w.l.o.g.
for every b € Af there is an a € A such that b is a projection of d - a.

Choose A’ € [A]<* such that for each b € A§ there exists such an a € A’. Let
a* =3 A
CLaM 2: a*-de U™,

Proof: Letu € U. u-) Aj€ Usince Y Af € U. So there is an ap € Af such

that « - ag # 0. Choose an a € A’ such that ag is a projection of a - d. Then

u-ag-a-d# 0 (since u-ag € By ) and therefore u-3 A'-d # 0, i.e. u-a*-d # 0.
Claim 2 completes the proof of Lemma 12. |

LEMMA 13: Let kK > w be regular, let By, B and U be as in Lemma 12 and
assume that |B| < k. Then there exists an ultrafilter V O U on B such that for
each B*-cover C of B there is a C' € [C]<" such that Y. C'e V.

Proof: Using Lemma 6 (with A := B, I := the ideal generated by U* in B)
we get an ultrafilter V O U on B such that for each Ut-cover C of B there
isa C’ € [C]<" with > C'"e V. If Ais a B*-cover of B, then by Lemma 12
C = {3 A'| A’ € [A]<*} is a U*-cover of B. Hence there exists a C’ € [C]<"
with )~ C’'€ V and therefore an A” € [A]<* with )~ A" € V (k is regular). ]
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LEMMA 14: Let k > w be regular. Suppose O, and I is a k-complete, strongly
k-layered ideal on a k-complete Boolean algebra B. Then there is an ultrafilter
U D I* such that for each I'*-cover C of B there is a C' € [C]<* with ), C'e U.

Proof: Let (Bs| a < x*) be a continuous increasing chain of Bas such that
B/I = U<+ Ba and for all @ < &% such that cf(a) = & Bq is a sk-complete
regular subalgebra of B/I of cardinality x. Let (Co| @ € £* N Lim) be a O,-
sequence, i.e.

(i) Co is clubin a

(if) Cg = Co N B if B is a limit point of C,

(iii) ot(Cqa) < k if cf(a) < k.
Thus ot(Cy) = & if cf(a) = k. Let {(a;] ¢ < k%) be the strictly increasing
enumeration of {§ < k*| cf(6) = x}. Choose for each i < k¥ an enumeration
(b?] 6 < k) of B;. For each j € ¥ N Lim and each i € C; U {5} let

Bi:= {ZA ’ AC{E, |6 <ot(inG), keinC}, Ais ﬁnite}.

We notice the following facts for all j,j'€ k¥ N Lim and all ¢, € C; U {j}:
(1) B}l <kifcf(j)<wori<yj
(2) BiC Bi ifi <#
(3) Uiechj = By, ifcf(j) =«
(4) B: C Ba, C Bq,
(5) Bi = B if j is a limit point of Cjs (since iNC; =iNCj)
(6) Ukeinc; Bf = Bj if i is a limit point of C;
(1) (T Al A€ [Bj]<} C B,
Now we define recursively a sequence (U;| ¢ < x*) which satisfies the following
conditions:
(a) U; is an uf on By, such that for each B} -cover C C By, of By, there is a
C'e [C]<" with Y. C'e U;
(b) U; CUj foralli < j < k™
(c) V; CU; for all j € k*NLim such that cf(j) < &
where

V= {ZD | DC B]’: is a U,;"-cover ofBj: for each k ECj}.

Let j < % and suppose that (U;| i < j) is already defined as required.
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CaAsE 1: Let j = 0. Using Lemma 6 we get an ultrafilter Uy on B, satisfying
(a).

CASE 2: Let j € Suce, j = k+ 1. Lemma 13 gives us an ultrafilter U; 2 Ui on
B,,, which satisfies (a).

CaSE 3: Let j € Lim, cf(j) < k. For each § < & let
A8 = {EA ] AC {8 | B < 8} U B, Als finite }

Then |Agj| < k (since IBj] < k if ef(j§) < &) and s, Agj = B,,;. For each
B -cover C C Ba; of B, such that {35C’| C' € [C]<"} C C there exists a
b¢ < k such that C'N A% is a Ut-cover of A% for each k € C;: Let § := 0. If
6n < &k is already defined, choose for every k € C; and every b € A‘f;; NU} some
ck € C and some éf > 6, such that b-cf € U; and ¢} € Ai"’: (this is possible
by Lemma 12). Let 6,41 := sup{éf| k € Cj,b € A% N U} and 8¢ := sup,c,bn.
Then C'N A‘;‘J? is a U -cover of Af,g for each k& € C;. Particularly C N Agg is a
U -cover of Bj: for each k € C; since Bj: C AlC. Let

w; = {3(Cn 4%) |C C Ba, is a B -cover of B,

such that {3 C'| '€ [C]<"} € c}.

CramM A:  ;.; Ui UV; UW; has the fip.

i<y
Proof: Suppose that D,,...,D,, C Bj are U: -covers of B;: for each k € Cj,
Ci,...,Cn € By, are Bjjj-covers of B,; such that {3 C'| C" € [C,]<"} C Cp,
1 <p<mn andletu€ U ;Ui Thereis an k € C; such that u € Uy. Let
6p 1= 6c,(1 < p < n). It suffices to show that

W.lo.g 6 <8y < -+ <6, Sincel € B; N U} there is a d; € Dy such that
dy € U Since d € BI N U} there is a dy € Dy such that di - d € UF. Since
dy-dy € B} N U there is a d3 € D3 such that d; - dg - d3 € U, At last we have
choosen dy € Dy,...,d,, € D,, such that dy---d,, € Bj N U,f. Since C; N Aglj
is a U;t-cover of B]’- thereisacy € C1 N Ag}j such that dy - dm - c1 € Uit Since
didmcy € A?jﬁUk+ thereisacy € anAffj such that dy - - - dpm 172 € U
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At last we have choosen ¢; € C; N Af,}j,...,cn eC,nN Af;; such that dy -+ -d, -
ci--cn €Ut Hence D1+ 3 D - L(C1NALL) - T (C N Al) € UL

Let U; 2 U;; Us UV; UW; be an arbitrary uf on B,;. Then Uj; satisfies the
covering property (a) since W; C Uj;.

CASE 4: Let j € Lim, cf(j) = &. Then a; = sup;¢;a; and Ba; = |;; Ba,-

Let U; := J;.; Ui. U is an uf on B,;.

i<y
CLAIM B: Uj satisfies (a).

Proof: Let C C B, be a B} -cover of B,;. W.log. {32C'| C"€ [C]<"} C C.
Let i := minC;. If i, € C; is already defined, then choose for each k € i, NC;
and each b € Bi* NU¥ acf € C and an if > i, such that ¢f -b € U, if € C; and
ke B;-": (this is possible by Lemma 12). Choose i,,41 € Cj, in41 > sup{if| k €
inNCj, be B;:" NUZF}. Let i := sup,c,in. Then i € j NLim and cf(s) < &
since ip, < in41 < J. ¢ is a limit point of C;, so C; = iNC; and Bf = BJ’ Let
D :=CnB.. DisaUS-cover of B for each k € C;: For each k € C; and each
be BinU} (= BinU;) there is an < w such that k € i,NC; and b € B NU}.
Hence there is a cf € C N B;**" such that b-cj € Uf. Thusc; € CNB; =D
since B;**' C B} = B}. So }_ D € V; and therefore 3 D € U;.

This completes the definition of (U;| i < x¥).

Now let V := Ui<x+ U;. Vis an uf on B. For each Bt-cover C C B of B
there exists an i < k¥ such that C N By, is a B -cover of B,,. Thus there is
a C' € [C N By, ]<" with }" C' € U;. Therefore 3 C'€ V. Let U := |JV. Then
U D I* and for each I*-cover C of B there is a C' € [C]<* such that } - C'e U.
This completes the proof of Lemma 14. |

Part (2) of the main theorem follows from Lemma 8 and 14. Lemma 9 and 14
imply Theorem 15, which is a generalization of part (2) of the main theorem.

THEOREM 15: Let k > w be regular, let B be a (2%)*-complete, (xt,xt)-
distributive Boolean algebra. Suppose O, and I C B is a k-complete, strongly
k-layered ideal, which is A-fine and A-normal for some A = (aq| o < k) € "B.
Then there is an ultrafilter U D I* on B, which is non-(7,k)-regular for all 7 < &

such that [Jpepq<- (z—yer —ay + asupF) e I*.

We give an application of the main theorem to limit cardinals.
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COROLLARY 16: It is consistent relative to the existence of a measurable car-
dinal, that there is an uniform ultrafilter on a weakly compact, non-measurable

cardinal k, which is non-(t, k)-regular for all 7 < k.

Proof: Starting with a measurable cardinal, Kunen and Paris ([KP], Theorem
4.4) constructed a generic extension with a k-complete, «¥-saturated, normal,
uniform ideal 7 on a weakly compact, non-measurable cardinal x. Looking at the
construction in Lemma 4.9 of [KP], one can see, that this ideal is actually k-dense
and {a < k| cf(a) > 7} € I* for all 7 < k. Using our main theorem, there is an

uniform ultrafilter on «, which is non-(7, k)-regular for all 7 < &. |

The main theorem may also become a tool to get non-(r, k)-regular ultrafilters
even on sets X such that |X| > x, if it becomes possible to construct suitable
ideals.

Remark 17: The main theorem gives a new proof, that under MAy, there is no
wi-dense, w-complete ideal on w; (see [FMSh1] or [T]), since Laver [L] showed,

that under MAy, all uniform ultrafilters on w; are regular. |
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